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Teleparallel gravity is a modified theory of gravity in which the Ricci scalar R of the Lagrangian
replaced by the general function of torsion scalar T in action. With that, cosmology in teleparallel
gravity becomes profoundly simplified because it is second-order theory. The article present a com-
plete cosmological scenario in f (T) gravity with f (T) = T + β(−T)α, where α, and β are model
parameters. We present the profiles of energy density, pressure, and equation of state (EoS) parame-
ter. Next to this, we employ statefinder diagnostics to check deviation from the ΛCDM model as well
as the nature of dark energy. Finally, we discuss the energy conditions to check the consistency of our
model and observe that SEC violates in the present model supporting the acceleration of the Universe
as per present observation.
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I. INTRODUCTION
Several observations confirm that the universe is ac-
celerating in every second [1–15]. The main gradient
which is responsible for the acceleration of the universe
is unknown so-called ‘dark energy’. Nowadays, one of
the difficult problems of modern cosmology and particle
physics is to identify the properties of dark energy. The
first time, it was described correctly by adding a cosmo-
logical constant (Λ) to Einstein’s equation, but its mag-
nitude is unwanted and unmotivated by the fundamen-
tal physics. Also, it has agreed that approximately 75%
of the total energy of the universe covered with dark en-
ergy. Furthermore, according to observations, it is rep-
resented by an EoS parameter ω ' −1. Looking at all
these things, cosmologists have been proposed a lot of
proposals to overcome this problem [16–27].
The modification of general relativity was a great idea to
describe dark energy. As a result, several modified theo-
ries have proposed in the literature. Because it presents
the nature of dark energy as a geometrical property of
the universe, also, all the modified gravity theories are
connected to the modification of Einstein-Hilbert action
[28]. The modified theories of gravity such as f (R)
gravity, f (R, T) gravity, Gauss-Bonnet gravity, etc. are
widely used in modern cosmology (some interesting re-
sults reported in [29–45]).
A well established modified theory of gravity, which
has attracted the interests of the cosmologists, is so-
called f (T) teleparallel gravity [46–49]. Teleparallel
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gravity motivated by the generalization of f (R) grav-
ity in which the arbitrary function f of Ricci scalar R
replaced by the arbitrary function of torsion scalar T in
action. We used the conventional torsionless Levi-Civita
connection in general relativity, whereas the curvature-
less Weitzenbo¨ck connection used in teleparallel gravity
to describe the effects of gravitation in terms torsion in-
stead of curvature [28, 50–52].
The linear forms of f (T) are the teleparallel equivalent
of general relativity (TEGR) [53]. However, the physi-
cal interpretation of f (T) gravity is different from f (R)
gravity. Also, the Ricci scalar R of f (R) gravity con-
tains the second-order derivatives of the metric tensor,
whereas the torsion scalar T of f (T) gravity contains
only the first-order derivatives of the vierbeins. There-
fore, it is easy to find the exact solutions of the cos-
mological models in f (T) gravity than the other mod-
ified theories of gravity. Although it is a simple mod-
ified theory, there are few exact solutions proposed in
the literature. Some power-law solutions in Friedmann-
Lemaıˆtre-Robertson-Walker spacetime and anisotropic
spacetime have found in [54–56]. Solution for static
spherically symmetric spacetime and Bianchi I space-
time reported in [28, 57, 58].
In f (T) gravity, the study of cosmological scenarios is
easier in comparison to other modified theories of grav-
ity. So, it has incorporated to study the cosmologi-
cal scenarios such as big bounce [59–62], inflationary
model [63], late time cosmic acceleration [46, 64, 65].
Recently, spherical and cylindrical solution [66], confor-
mally symmetric traversable wormholes [67], noether
charge and black hole entropy [68] in f (T) gravity have
been discussed.
The manuscript represented as follows: In section II,
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2we discuss the overview of f (T) gravity and present
the gravitational field equations in a spatially flat FLRW
spacetime. In section III, we discuss some kinematic
variables such as Hubble parameter, deceleration pa-
rameter, which is followed by the construction of the
cosmological model in f (T) gravity in section IV. Also,
we present the expressions and behaviours for energy
density, pressure, and EoS parameter. In section V, we
discuss some geometrical diagnostics to distinguish our
model from other dark energy models. The energy con-
ditions for our model are discussed in section VI. And
finally, in section VII, we present our results and conclu-
sions.
II. TELEPARALLEL GRAVITY
In this section, we briefly discuss the f (T) gravity.
The vierbein fields, eµ(xi) act as a dynamical variable
for the teleparallel gravity. As usual, xi use to run
over the space-time coordinates, and µ denotes the tan-
gent space-time coordinates. At each point of the mani-
fold, the vierbein fields form an orthonormal basis for
the tangent space, which is presented by the line el-
ement of four-dimensional Minkowski space-time i.e.,
eµeν = ηµν =diag(+1,−1,−1,−1). In vector compo-
nent, the vierbein fields can be expressed as eiµ∂i, and
the metric tensor can be written as
gµν = ηijeiµ(x)e
j
ν(x). (1)
Moreover, the vierbein basis follow the general relation
eiµe
µ
j = δ
i
j and e
i
µeνi = δ
ν
µ. In f (T) gravity, the curvature-
less Weitzenbo¨ck connection [69] defined as
Γˆγµν ≡ eγi ∂νeiµ ≡ −eiµ∂νeγi . (2)
Using Weitzenbo¨ck connection one can write the non-
zero torsion tensor as
Tγµν ≡ Γˆγµν − Γˆγνµ ≡ eγi (∂µeiν − ∂νeiµ). (3)
The contracted form of the above torsion tensor can be
written as [50, 52, 70]
T ≡ Sµνγ Tγµν ≡ 14T
γµνTγµν +
1
2
TγµνTνµγ − TγγµTνµν , (4)
where
Sµνγ =
1
2
(Kµνγ + δ
µ
γTανα − δνγTαµα ) (5)
be the superpotential tensor and the difference between
the Levi-Civita and Weitzenbo¨ck connections is the con-
tortion tensor which is defined as
Kµνγ = −12 (T
µν
γ − Tνµγ − Tµνγ ). (6)
The extension of Einstein-Hilbert Lagrangian of f (T)
theory of gravity [49] (which is similar to f (R) gravity
extension from the Ricci scalar R to R+ f (R) in the ac-
tion), namely the teleparallel gravity term T is replaced
by T + f (T), where f (T) is an arbitrary function of T as
S =
1
16piG
∫
[T + f (T)]ed4x, (7)
where e =det(eiµ) =
√−g and G is the gravitational
constant. Assume k2 = 8piG = M−1p , where Mp is the
Planck mass. By the variation of the total action S+ Lm,
here Lm is the matter Lagrangian gives us the field equa-
tion for f (T) gravity as
e−1∂µ(eeγi S
µν
γ )(1+ fT)− (1+ fT)eλi TγµλS
νµ
γ + e
γ
i S
µν
γ ∂µ(T) fTT +
1
4
eνi [T + f (T)] =
k2
2
eγi T
(M)ν
γ , (8)
where fT = d f (T)/dT, fTT = d2 f (T)/dT2, T
(M)ν
γ rep-
resents the energy-momentum tensor to the matter La-
grangian Lm.
Now we consider a flat FLRW universe with the metric
as
ds2 = dt2 − a2(t)dxµdxν, (9)
where a(t) is the scale factor, which gives us
eiµ = diag(1, a, a, a). (10)
Moreover, assuming the energy-momentum tensor for
the perfect fluid which takes the form
T(M)µν = (ρ+ p)uµuν − pgµν, (11)
where ρ, p and uµ be the energy density, pressure and
the four velocity of the matter fluid, respectively.
Using equation (9) into the field equation (8), we get the
modified field equations as follows
6H2 + f + T fT = 16piGρ, (12)
3H˙ (1+ fT + 2T fTT) = −4piG(ρ+ p), (13)
where H ≡ a˙/a be the Hubble parameter and ‘dot’ rep-
resents the derivative with respect to t. Additionally, we
have used the relation
T = −6H2, (14)
which holds for a FLRW Universe according to equation
(4).
Using equation (12), (13) and (14) we can write the equa-
tion of state parameter (EoS) as follows
ω =
p
ρ
= −1− 4H˙(1+ fT − 12H
2 fTT)
(6H2 + f + 12H2 fT)
(15)
where 8piG = 1. Also, the matter fluid satisfies the con-
tinuity equation
ρ˙+ 3H(1+ω)ρ = 0, (16)
which can be used to study the dynamics of matter fluid.
III. KINEMATIC VARIABLES
The cosmological parameters such as scale factor a(t),
Hubble parameter H(t), deceleration parameter q(t)
have a very significant role in describing the evolution
of the Universe. And, these are the key parameters of
most of the cosmological models in modified gravity
theories. For analysis, we have presumed the scale fac-
tor presented by Moraes and Santos [71] as follows
a(t) = ect[sech(n−mt)]d. (17)
Using (17), one can get the Hubble parameter H(t) and
deceleration parameter q(t) as follows
H(t) =
a˙
a
= c+ dm tanh(n−mt), (18)
q = −1− H˙
H2
= −1+ dm
2
[c cosh(n−mt) + dm sinh(n−mt)]2 .
(19)
Currently, our universe is undergoing an accelerated ex-
pansion phase for that the second derivative of the scale
factor i.e., a¨ must be positive or a˙ is an increasing func-
tion over the cosmic time evolution. Additionally, the
Hubble parameter H(t) is a decreasing function over
the growth of time. From Fig. 1, one can easily see that
H(t) keeps its value approximately the same in the early
stage of the universe. After that, it gradually decreases
and maintains a constant behaviour during the late time
of the universe. According to standard cosmology, the
Hubble parameter is proportional to the energy density
in the late time of the cosmic evolution. Luckily, we get
the same behaviour of the Hubble parameter for the late
time of cosmic evolution.
The evolution of the deceleration parameter as a func-
tion of cosmic time presented in Fig. 2. From Fig. 2,
one can observe that the evolution of the deceleration
parameter starts at q = −1, which represents the de-
Sitter expansion phase, and then it goes to the deceler-
ation phase through accelerating power-law expansion
phase. After that, it again returns to the de-Sitter expan-
sion phase in the late time.
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FIG. 1: Plot of Hubble parameter (H) as a function of cosmic
time (t) for c = 0.97, d = 1,m = 0.735, & n = 10.
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FIG. 2: Plot of deceleration parameter (q) as a function of cos-
mic time (t) for c = 0.97, d = 1,m = 0.735, & n = 10.
4IV. COSMOLOGICAL MODEL IN f (T) GRAVITY
In this section, we presume the general function of
f (T) to analyse the cosmological model in teleparallel
gravity as follows
f (T) = T + β(−T)α. (20)
Using (20), (17) in (12), (13) and (15) we can find the en-
ergy density ρ, pressure p and EoS parameter ω as fol-
lows
ρ = 6[c+ dm tanh(n−mt)]2 − β
2
6α(2α− 1) [c+ dm tanh(n−mt)]2α , (21)
p = 6α−1(2α− 1)β[c+ dm tanh(n−mt)]2α−2
[
3c2 + dm tanh(n−mt){6c+m(2α+ 3d) tanh(n−mt)} − 2αdm2
]
− 2
[
3c2 + dm tanh(n−mt){6c+ (3d+ 2)m tanh(n−mt)} − 2dm2
]
, (22)
and
ω = −1−
2dm2sech2(n−mt)
{
6αα(2α− 1)β [c+ dm tanh(n−mt)]2α − 12[c+ dm tanh(n−mt)]2
}
36[c+ dm tanh(n−mt)]4 − 2α3α+1(2α− 1)β [c+ dm tanh(n−mt)]2α+2
. (23)
The profile of energy density ρ, pressure p, and equation
of state parameter ω for the cosmic time shown in Fig.
3, 4, and 5, respectively. From Fig. 3, one can easily ob-
serve that the energy density is high in the early time of
the universe and then gradually decreases to null. The
pressure p lies in the negative range to suffice the accel-
eration of the universe in Fig. 4. We got an interesting
behaviour of the EoS parameter ω, as shown in Fig. 5. In
the early phase of the evolution of the universe ω takes
its values −1 and smoothly raises to its maximum value
ω ∼ 13 , and finally converging to−1 in order to serve the
recent observation [1–15]. From Fig. 5, we concluded
that the universe starts with the acceleration smoothly,
goes to the deceleration phase, and finally returns to its
second phase of accelerated expansion.
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FIG. 3: Plot of energy density (ρ) as a function of cosmic time
(t) for c = 0.97, d = 1,m = 0.735, n = 10, α = 2, & β = −0.5.
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FIG. 4: Plot of pressure (p) as a function of cosmic time (t) for
c = 0.97, d = 1,m = 0.735, n = 10, α = 2, & β = −0.5.
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FIG. 5: Plot of EoS parameter (ρ) as a function of cosmic time
(t) for c = 0.97, d = 1,m = 0.735, n = 10, α = 2, & β = −0.5.
V. STATEFINDER DIAGNOSTICS
The unknown nature of dark energy (DE) arises many
problems in modern cosmology. To understand the na-
ture of dark energy, many dark energy models such as
ΛCDM, HDE, SCDM, CG, quintessence have proposed
in the literature. Also, these DE models have different
behaviours in comparison to each other. Therefore, the
{r, s} parametrization technique proposed in [72, 73] is
also used to distinguish all these DE models. The r and
s take the value as follows
r =
˙¨a
aH3
, (24)
s =
2
3
r− 1
2q− 1 , (25)
where q 6= 12 . The pair {r, s} represents different dark
energy models. These are discussed in following
• The pair {r = 1, s = 0} → ΛCDM .
• The pair {r = 1, s = 1} → SCDM.
• The pair
{
r = 1, s = 23
}→ HDE.
• The pair {r > 1, s < 0} → CG.
• The pair {r < 1, s > 0} → Quintessence.
The main idea is to study the convergence and diver-
gence nature of the trajectory of the r − s parametric
curve corresponding to the ΛCDM model. The devia-
tion from {1, 0} represents the deviation from ΛCDM
model. Furthermore, the values of r and s could be con-
cluded from the observation [74, 75]. Therefore, it is
worthy of describing the DE models in the near future.
Using (17) in (24), (25) we can rewrite the r, s as follows
r =
c3 + dm tanh(n−mt) {c2 + (d+ 1)m tanh(n−mt)[3c+ (d+ 2)m tanh(n−mt)]− (3d+ 2)m2}− 3cdm2
[c+ dm tanh(n−mt)]3 , (26)
s =
2dm2sech2(n−mt)[3c+ (3d+ 2)m tanh(n−mt)]
3[c+ dm tanh(n−mt)] {c2 + dm tanh(n−mt)[6c+ (3d+ 2)m tanh(n−mt)]− 2dm2} . (27)
In Fig. 6, the parametrization of r and s shown in (r, s)
plane and the arrow mark represents the direction of the
trajectory. From Fig. 6, one can observe that the trajec-
tory diverges from ΛCDM model, initially and later, it
6converges to ΛCDM model. Also, the evolution of the
trajectory completely lies in the quintessence. Addition-
ally, we have shown the parametrization of r and q in
Fig. 7. From Fig. 7, we observed that our model starts
with the de-Sitter universe, and initially, it goes to Chap-
lygin gas (which is represented by r > 1). After that, it
comes to quintessence and finally converges to the de-
Sitter universe.
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FIG. 6: r− s parametric plot for c = 0.97, d = 1,m = 0.735, &
n = 10.
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FIG. 7: r− q parametric plot for c = 0.97, d = 1,m = 0.735, &
n = 10.
VI. ENERGY CONDITIONS
There are many more advantages to study the energy
conditions such as to understand singularity theorem of
space-like and time-like curves, to describe geodesics,
black holes, and wormholes based on the well known
Raychaudhuri equation [76, 77]. Energy conditions in
teleparallel gravity have been studied in [78–81]. Also,
in the presence of singularity, energy conditions provide
us the edge of the parameters. The energy conditions
are the linear relations between energy density and pres-
sure. They are presented follows
• SEC : ρ+ 3p ≥ 0;
• WEC : ρ ≥ 0, ρ+ p ≥ 0;
• NEC : ρ+ p ≥ 0;
• DCE : ρ ≥ 0, |p| ≤ ρ.
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FIG. 8: ECs as a function of t for c = 0.97, d = 1,m = 0.735, n =
10, α = 2, & β = −0.5.
In the above figure, the portrait of all Energy conditions
(ECs) shown. From Fig. 8, we observed that the WEC,
NEC satisfies in our present model, whereas SEC vio-
lates. In detail, if one can see close to the behaviour of
SEC, then he will observe for a time interval, it satisfies
by our model. As we discussed the profile of ω previ-
ously, it starts with acceleration, then smoothly goes to
the deceleration phase and finally returns to the acceler-
ated phase. The exciting thing is getting the same results
for SEC.
VII. RESULTS AND CONCLUSIONS
The article represents a complete cosmological sce-
nario of the FLRW universe in teleparallel gravity. To
7find the exact solution of the field equations, we consid-
ered the general function f (T) = T + β(−T)α which is
proposed in [82]. In the below paragraphs, we shall dis-
cuss the cosmological feasibility of the fundamental of
f (T) gravity.
The EoS parameter ω is a key parameter to describe the
different matter-dominated eras in the evolution of the
universe. The portrait of the EoS parameter with time t
have shown in Fig. 5. By analyzing Fig. 5, we observed
that in the early phase of the evolution of the universe,
the EoS parameter takes its value as ω ∼ −1. This result
is in harmony with some limitations of EoS, which have
put to the inflationary EoS, recently [83–85]. After infla-
tion, ω smoothly rises to ∼ 13 , and this is the maximum
value of ω during its evolution. Moreover, ω ∼ 13 repre-
sents the radiation-dominated phase of the evolution of
the universe [86, 87]. Also, we noted that the EoS param-
eter ω converges to −1 in the late time. And, ω = −1
is the present value of the universe for the recent cosmic
acceleration which is observed by the anisotropies in the
temperature of cosmic microwave background radiation
[88–93].
The overall picture of the EoS parameter shows that the
universe started from the inflation with ω = −1 (as the
negative values of ω present the acceleration of the uni-
verse), then smoothly it takes its value to positive i.e.,
deceleration phase. Finally, it returns to the accelerated
phase which is the second phase of the acceleration of
the universe in the present time.
In section VI, we show the temporal evolution of the en-
ergy conditions (ECs). It is to keep in mind that to serve
the late-time acceleration of the universe, the SEC has
to violate [89]. As we discussed in the previous section
for the late time acceleration ω takes its value as −1, so
the SEC ρ(1 + 3ω) < 0 always. From Fig. 8, one can
quickly observed that NEC, WEC satisfies, whereas SEC
violates. Also, we noted that initially SEC violates, then
it satisfies for a time interval and again violates. This re-
sult support the result we got for ω.
In Fig. 3, 4, we show the behaviour of energy density
and pressure for our model. The energy density should
be positive to fulfil WEC, and pressure should be neg-
ative for cosmic acceleration. The evolution of pressure
and energy density of our model satisfies WEC. And,
this type of property only achieved by the modification
of general relativity or exotic matter.
In section V, we investigate the difference between the
dark energy models with our model by statefinder di-
agnostic. From Fig. 6, we observed that the trajectory
of {r, s} parametric curve deviates from ΛCDM model
initially. However, at the late time, it coincides with the
ΛCDM model, which is consistent with standard cos-
mology. Addition to this, we show {r, q} parametric
plot in Fig. 7. It is also consistent with the standard
cosmology.
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